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We study non-relativistic field theory coupled to a torsional Newton–Cartan geometry both di-
rectly as well as holographically. The latter involves gravity on asymptotically locally Lifshitz
space-times. We define an energy-momentum tensor and a mass current and study the relation
between conserved currents and conformal Killing vectors for flat Newton–Cartan backgrounds. It
is shown that flat NC space-time realizes two copies of the Lifshitz algebra that together form a
Schro¨dinger algebra (without the central element). We show why the Schro¨dinger scalar model has
both copies as symmetries and the Lifshitz scalar model only one. Finally we discuss the holographic
dual of this phenomenon by showing that the bulk Lifshitz space-time realizes the same two copies
of the Lifshitz algebra.
Introduction. One of the corner stones of theoreti-
cal physics is the relation between space-time symme-
tries and conservation laws. In relativistic field theories
it is well-known how to obtain a conserved current for
each isometry of the background Lorentzian geometry.
Much less is known about the precise manner in which
to implement such ideas in the realm of non-relativistic
field theories. Such theories are naturally formulated on
a torsional Newton–Cartan (TNC) background which is
a generalization of Newton-Cartan (NC) geometry that
allows for torsion. We will show that for field theories
on a TNC background the interplay between conserved
currents and space-time isometries is markedly different
from the relativistic case involving a new mechanism.
Field theory on TNC backgrounds has recently ap-
peared in studies of systems with strongly correlated elec-
trons, such as the quantum Hall effect [1–4] following the
earlier work [5] that suggested to use NC geometry in
this context. It was recently found that the boundary
geometry of asymptotically locally Lifshitz space-times
is described by TNC geometry [6–9].
We first discuss the relation between conserved cur-
rents and isometries in the context of perhaps the sim-
plest of all non-relativistic field theories namely the one
giving rise to the Schro¨dinger equation. To the best of
our knowledge the new perspective presented here on
the Schro¨dinger symmetry of the Schro¨dinger equation,
which relies on formulating it as a field theory on a TNC
background, has not appeared elsewhere. Then we show
that the same mechanism is at work in holographic duali-
ties between field theories on TNC backgrounds and their
gravitational duals defined on asymptotically locally Lif-
shitz space-times. We will study the space-time symme-
tries of a bulk Lifshitz space-time and show that certain
bulk diffeomorphisms relate different Lifshitz subalgebras
of the same Schro¨dinger algebra. This provides another
perspective on the results of [8, 9] where it is shown that
the sources and vevs of asymptotically locally Lifshitz
spacetimes transform under the Schro¨dinger algebra.
Torsional Newton–Cartan Geometry. We start our
discussion with a succint summary of torsional Newton–
Cartan (TNC) geometry as formulated in [9]. The ge-
ometry can be described in terms of the following fields:
the vielbeins τµ and e
a
µ (µ is a (d+1)-dimensional space-
time index and a = 1, . . . , d a spatial tangent space in-
dex), the vector field Mµ and the Stu¨ckelberg scalar χ.
The latter appears only via the Stu¨ckelberg decomposi-
tion Mµ = m˜µ − ∂µχ which defines m˜µ given Mµ and χ.
These fields transform under diffeomorphisms (ξµ), local
dilatations D (ΛD), Galilean boosts Ga (λ
a), rotations
Jab (λ
ab) and gauge transformations N (σ) as
δτµ = Lξτµ + zΛDτµ ,
δeaµ = Lξe
a
µ + λ
aτµ + λ
a
be
b
µ + ΛDe
a
µ ,
δMµ = LξMµ + e
a
µλa + (2 − z)ΛDMµ ,
δχ = Lξχ+ σ + (2− z)ΛDχ ,
(1)
where z > 1. We define inverse vielbeins vµ and eµa via
vµτµ = −1 , v
µeaµ = 0 ,
τµe
µ
a = 0 , e
a
µe
µ
b = δ
a
b .
(2)
We have the completeness relation eµae
a
ν = δ
µ
ν + v
µτν .
The first step in setting up the TNC geometry is the
construction of invariants, i.e. tensors with a specific
dilatation weight that are invariant under G, J , N trans-
formations. These invariants are given by
vˆµ = vµ − hµνMν ,
h¯µν = hµν − τµMν − τνMµ ,
Φ˜ = −vµMµ +
1
2h
µνMµMν ,
(3)
2together with the degenerate metric invariants τµ and
hµν . The scalar Φ˜ is closely related to the Newtonian
potential [9]. It will also sometimes be useful to use the
G andN invariant vielbein eˆaµ defined as eˆ
a
µ = e
a
µ−τµM
a.
The objects eˆaµ, vˆ
µ, τµ, e
a
µ form an orthonormal set.
The G, J , N invariant affine connection that is metric
compatible in the sense that
∇µτν = 0 , ∇µh
νρ = 0 , (4)
is given by
Γρµν = −vˆ
ρ∂µτν +
1
2
hρσ
(
∂µh¯νσ + ∂ν h¯µσ − ∂σh¯µν
)
. (5)
Flat NC Space-Time. An important role will be
played by the notion of flat Newton–Cartan space-time
which we will define next (see also [9, 10]). There exists
a coordinate system, xµ = (t, xi), referred to as a global
inertial coordinate system, for which we have
τµ = δ
t
µ , h
ij = δij ,
vµ = −δµt , Mµ = ∂µM .
(6)
Here t is absolute time, xi are Cartesian spatial coordi-
nates, the choice for vµ fixes the freedom to perform local
Galilean boosts andMµ = ∂µM ensures that the connec-
tion Γρµν is everywhere zero, so that we restrict to inertial
observers. We furthermore impose that M = cst up to
those local transformation (1) that preserve the choices
(6). This implies that we also have
Φ˜ = ∂tM +
1
2
δij∂iM∂jM = 0 , (7)
as well as two other conditions that tell us that M can
be at most trace quadratic in xi, i.e. M = axixi+ bixi+
c where the coefficients are functions of t [11]. Hence,
flat NC space-time in global inertial coordinates comes
together with a trace quadratic function M obeying (7).
Conformal Killing Vectors of Flat NC Space-
Time. To contrast flat NC space-time with Minkowski
space-time we look at its conformal Killing vectors. The
TNC conformal Killing equations are [11, 12]
LKτµ = −zΩτµ , LK vˆ
µ = zΩvˆµ ,
LK h¯µν = −2Ωh¯µν , LKh
µν = 2Ωhµν ,
Kµ∂µΦ˜ = 2(z − 1)ΩΦ˜ ,
(8)
where Ω is any function. Substituting into these equa-
tions the flat NC conditions (6) it can be shown that for
(z − 2)∂tΩ = 0 the conformal Killing vectors become
Kt = a− zλt− δz,2αt
2 ,
Ki = ai + vit+ λijx
j − λxi − δz,2αtx
i ,
(9)
provided we can solve
LKM = v
ixi −
1
2
δz,2αx
ixi + (z − 2)λM + C . (10)
The case with (z − 2)∂tΩ 6= 0 will be discussed later.
We first consider the trivial solution of (7) given by
M = cst . (11)
In this case the Killing vectors form the Lifshitz Lie alge-
bra H , Pi, Jij , D that is a subgroup of the Schro¨dinger
algebra for general z given by
H = ∂t , Pi = ∂i ,
Jij = xi∂j − xj∂i , D = zt∂t + x
i∂i .
(12)
If on the other hand we take the solution of (7),
M =
xixi
2t
, (13)
we get the Killing vectors
K = tz∂t + t
z−1xi∂i , Gi = t∂i ,
Jij = xi∂j − xj∂i , D = zt∂t + x
i∂i .
(14)
Actually from equations (9) and (10) we only find the so-
lution with α 6= 0 for z = 2 which is due to the condition
(z − 2)∂tΩ = 0 used in obtaining (9) and (10). When we
take (z − 2)∂tΩ 6= 0 it can be shown that the conformal
Killing equations allow for K to be a conformal Killing
vector even when z 6= 2. The nonzero commutators are
[D,K] = z(z − 1)K , [D,Gi] = (z − 1)Gi , (15)
where we left out the ones involving Jij . The algebra of
D, K, Gi and Jij is isomorphic to the Lifshitz algebra.
The Schro¨dinger algebra (without the central element
N) is obtained if we can combine all Killing vectors ob-
tained for these two different choices of M . If we do this
for z 6= 2 we loose the K generator as it does not form an
algebra with H and Pi in agreement with the well-known
fact that one cannot add a special conformal generator to
the Schro¨dinger algebra for z 6= 2. The central element
N corresponds to shifting M by an arbitrary constant.
This generator is realized on fields but does not come
about as a space-time symmetry as we will see shortly.
We stress that there is no choice for M that admits
the entire Schro¨dinger algebra as its conformal Killing
vectors. Lifshitz is the largest possible algebra that the
conformal Killing vectors can span for any M .
Field Theory on TNC Backgrounds. We will next
study a scalar field theory on a TNC background and
define objects like the energy-momentum tensor as well
as examine the role of M for the case of a flat NC back-
ground. When coupling a field theory to the background
fields vµ, eµa , m˜µ = m˜0τµ+m˜ae
a
µ and χ we define the fol-
lowing objects (vevs) when varying these fields (sources)
δbackgrdS =
∫
dd+1xe
[
−S0µδv
µ + Saµδe
µ
a + T
0δm˜0
+T aδm˜a + 〈Oχ〉δχ] , (16)
3where e is the determinant of the matrix (τµ , e
a
µ). Just
like for the TNC geometry it is useful to find invariants,
i.e. G, J , N invariant quantities that transform as ten-
sors with a specific dilatation weight (up to possible terms
involving derivatives of ΛD). In [8, 11] we show that
these invariants are the energy-momentum tensor T µν
and mass current T µ defined via
T µν = −
(
S0ν + T
0∂νχ
)
vµ + (Saν + T
a∂νχ) e
µ
a ,
T µ = −T 0vµ + T aeµa .
(17)
We note that in TNC geometry there is no metric that
can be used to raise and lower space-time indices, so that
the energy-momentum tensor is a mixed (1, 1) tensor.
The vielbein components of T µν are obtained by contrac-
tion with eµ
a, vµ, τµ, eµ
a and provide the energy density,
energy flux, momentum density and stress, while T 0 is
the mass density and T a the mass flux.
Consider the following simple example of a field theory
defined on a (d+ 1)-dimensional fixed TNC background
whose equations of motion give rise to the Schro¨dinger
equation with potential V ,
S =
∫
dd+1xe (−iφ∗vˆµ∂µφ+ iφvˆ
µ∂µφ
∗ − hµν∂µφ∂νφ
∗
−2φφ∗Φ˜− V (φ, φ∗)
)
. (18)
We find the following energy-momentum tensor and mass
current
T µν = −e
−1Lδµν − 2h
µρ∂(νφ∂ρ)φ
∗
−vˆµ (iφ∗∂νφ− iφ∂νφ
∗) ,
T µ = 2φφ∗vˆµ + hµν (iφ∗∂νφ− iφ∂νφ
∗) .
(19)
One can check that the Ward identities
0 = −T µeˆaµ + T
µ
ντµe
νa ,
0 = T µν eˆ
a
µe
νb − T µν eˆ
b
µe
νa ,
〈Oχ〉 = e
−1∂µ (eT
µ) ,
(20)
for local G, J , N invariance are satisfied off-shell. When
V = V (φφ⋆) the theory has the local symmetry
δMµ = ∂µα , δφ = −iαφ , (21)
leading to the on-shell Ward identity ∂µ (eT
µ) = 0. The
diffeomorphism Ward identity is given by
e−1∂µ (eT
µ
ν) + T
ρ
µ
(
vˆµ∂ντρ − e
µ
a∂ν eˆ
a
ρ
)
+ T 0∂νΦ˜ = 0 .
(22)
If we assume that φ has dilatation weight d/2 and the
potential has dilatation weight d + 2, which e.g. is the
case for V = (φφ∗)(d+2)/d, it can be shown that for NC
backgrounds, i.e. those for which dτ = 0, we have the
following trace Ward identity [11]
−2τµvˆ
νT µν + eˆ
a
µe
ν
aT
µ
ν + 2T
0Φ˜ = e−1∂µ (eV
µ) , (23)
where V µ is the virial current given by
V µ =
d
2
hµν (φ∗∂νφ+ φ∂νφ
∗) . (24)
Substituting the choices (6) for a flat NC background
into the action (18) we get
S =
∫
dd+1x (iφ∗ (∂tφ+ iφ∂tM)− iφ (∂tφ
∗ − iφ∗∂tM)
−δij (∂iφ+ iφ∂iM) (∂jφ
∗ − iφ∗∂jM)− V (φ, φ
∗)
)
. (25)
If we make the field redefinition φ = e−iMψ the action
(25), for potentials of the form V = V (φφ∗), becomes
S =
∫
dd+1x
(
iψ∗∂tψ − iψ∂tψ
∗ − δij∂iψ∂jψ
∗ − V
)
,
(26)
so that we can remove M by a field redefinition. Varia-
tion of (25) with respect to M gives ∂µ (eT
µ) = 0 which
when written in terms of the wavefunction ψ is the con-
servation of probability equation of quantum mechanics.
The action (25) is scale invariant provided V has di-
latation weight d + 2 and φ has dilatation weight d/2
and M does not transform. Further it is invariant under
special conformal transformations given by
t = t
′
1−ct′ , x
i = x
′i
1−ct′ ,
φ = (1− ct′)d/2φ′ , M = M ′ + c2
x′ix′i
1−ct′ .
(27)
Under the remaining symmetries H , Pi, Gi, N and Jij
the field φ transforms as a scalar and M transforms as
described before, i.e. as in (10) with z = 2.
Schro¨dinger Invariance from Lifshitz Isometries.
It is a well known fact that the free Schro¨dinger equation
obtained by varying (26) with respect to ψ for V = 0
is left invariant under the Schro¨dinger group. The way
in which the Schro¨dinger symmetries are realized on ψ
is via a projective UIR of the Schro¨dinger group without
N [13]. However the way in which they are realized on
φ is quite different. As detailed earlier we have to con-
sider two solutions of (7), equations (11) and (13), and
for each of these choices φ transforms as a UIR repre-
sentation of the Lifshitz subalgebras spanned by H , Pi,
Jij , D and by K, Gi, Jij , D, respectively. If we take
M = cst then φ transforms projectively under the K, Gi
transformations and vice versa when we take M = x
ixi
2t
the field φ transforms projectively under the H and Pi
transformations.
Instead of working with one projective UIR ψ of the
Schro¨dinger group without N we use two UIRs φ of two
Lifshitz subgroups (one for eachM). These Lifshitz sub-
groups are related to each other by the outer automor-
phisms of the z = 2 Schro¨dinger algebra
(H,Pi, D, Jij)↔ (−K,Gi,−D, Jij) . (28)
Hence the space-time symmetries are always given by a
Lifshitz algebra of Killing vectors. The N generator is
not realized as a space-time symmetry. When we include
N it will be odd under the Z2 outer automorphism.
4The on-shell conserved currents related to H , Pi, Jij ,
D invariance of (25) for M = cst can be written, using
(19)–(24) evaluated for a flat NC space-time, as
∂µ (H
νT µν) = 0 , ∂µ (P
ν
i T
µ
ν) = 0 ,
∂µ
(
JνijT
µ
ν
)
= 0 , ∂µ (D
νT µν − V
µ) = 0 ,
(29)
where the Killing vectors are given in (12). When M is
given by (13) the on-shell conserved currents are
∂µ (K
νT µν − tV
µ) = 0 , ∂µ (G
ν
i T
µ
ν) = 0 ,
∂µ
(
JνijT
µ
ν
)
= 0 , ∂µ (D
νT µν − V
µ) = 0 ,
(30)
where the (conformal) Killing vectors are given in (14).
We have concentrated our attention to space-time sym-
metries. The N generator acts on field space and when
we include such transformations the algebra becomes the
full Schro¨dinger algebra including the central element N
and the commutator [Pi, Gj ] = δijN . To realize this al-
gebra on the field φ we need to add additional terms to
the K and Gi generators of (14), that act only on field
space (see for example [14]).
We would like to stress that in general when writing
down a field theory on a flat NC background there may
also be cases where we cannot removeM from the action,
e.g. when the potential in (25) breaks the U(1) symmetry
of the model or when we consider an action for a real
scalar coupled to a TNC background such as the Lifshitz
model
S =
∫
dd+1xe
(
1
2
(vˆµ∂µφ)
2
−
κ
2
(hµν∇µ∂νφ)
2
)
. (31)
If we specify this model to the case of a flat NC space-
time the action will depend on what we take for M and
hence we can at most (in the sense of the largest num-
ber of symmetries) obtain the Lifshitz algebra. We will
now proceed to study field theories defined on a TNC
background that are defined holographically.
Holography with Lifshitz Bulk Geometry. We have
seen that the prototype of Schro¨dinger invariant field the-
ory, namely the action (26) leading to the Schro¨dinger
equation, is based on flat NC geometry with Lifshitz con-
formal Killing vectors. In order to study holography for
Schro¨dinger invariant systems a natural starting point
is thus to take a Lifshitz bulk space-time geometry. In
fact in [8] we have shown that asymptotically locally Lif-
shitz space-times provide a set of sources that describe
TNC geometry, that transform under the Schro¨dinger al-
gebra in the sense of [9], i.e. making local translations
equivalent to diffeomorphisms, and that these sources
couple to vevs whose Ward identities are organized by
the Schro¨dinger algebra. Here we re-examine this claim
by studying the symmetries of the Lifshitz vacuum.
Consider exact Lifshitz space-times in coordinates such
that it admits a flat NC boundary as defined in (6).
These bulk geometries thus depend on M only. We will
construct Lifshitz bulk geometries that correspond to the
choices (11) and (13) using symmetry arguments.
WhenM = cst the boundary conformal Killing vectors
are (12). Of these only D is an actual conformal Killing
vector. The other three are Killing vectors. This sug-
gests that also in the bulk H , Pi and Jij will be Killing
vectors without modification whereas for D we take the
bulk Killing vector to include a radial component so that
now
D = zt∂t + x∂x + y∂y + r∂r . (32)
This is of course the well-known dilatation generator of
the 4D bulk Lifshitz space-time. Hence the most gen-
eral metric respecting these symmetries is the familiar
Lifshitz metric
ds2 = −
dt2
r2z
+ 2C
drdt
rz+1
+
dr2
r2
+
1
r2
(
dx2 + dy2
)
, (33)
where the constant C can be removed by choosing a new
coordinate t¯ given by t¯ = t − Cz r
z . We thus conclude
that the standard form of the Lifshitz space-time metric
corresponds to a flat NC boundary with M = cst.
Let us now construct the bulk dual to a flat NC bound-
ary with M = (x2 + y2)/2t. For this purpose we need
to extend the boundary conformal Killing vectors D and
K into the bulk where they become bulk Killing vectors
while leaving the boundary Killing vectorsGi and Jij un-
altered. We are going to use the same set of coordinates
as before so we again take for the bulk realization of D
the expression (32). In order to obey the commutation
relations (15) we need to take for K the bulk expression
K = tz∂t + t
z−1 (x∂x + y∂y + r∂r) . (34)
We thus demand that there exists a 4D bulk metric that
has the Killing vectors (32), (34), as well as Gi and Jij
given in (14). The resulting bulk metric reads
ds2 =
(
−
1
r2z
−
2C
rzt
+
1
t2
)
dt2 + 2
(
−
1
rt
+
C
rz+1
)
drdt
+
dr2
r2
+
1
r2
[(
dx−
x
t
dt
)2
+
(
dy −
y
t
dt
)2]
, (35)
where C is a constant. This is thus the vacuum bulk
geometry dual to a flat NC boundary with M = (x2 +
y2)/2t. Note that the t, x, y dependence of the metric
can be written in terms of M and its derivatives via
∂xM = x/t, ∂yM = y/t and (∂
2
x + ∂
2
y)M = 2/t. An-
other noteworthy feature of this metric is that even for
C = 0 it is not in radial gauge due to the drdt term.
The algebra of Killing vectors that this metric possesses
is isomorphic to the Lifshitz algebra and hence we should
be able to show that this metric is diffeomorphic to the
Lifshitz space-time. Consider the following coordinate
transformation
t¯ =
1
1− z
t1−z , x¯ =
x
t
, y¯ =
y
t
, r¯ =
r
t
. (36)
5This takes the metric (35) to the following form
ds2 = −
dt¯2
r¯2z
+ 2C
dr¯dt¯
r¯z+1
+
dr¯2
r¯2
+
1
r¯2
(
dx¯2 + dy¯2
)
. (37)
The Killing vectors in this coordinate system read
K = ∂t¯ , Gx¯ = ∂x¯ , Gy¯ = ∂y¯ , Jx¯y¯ = x¯∂y¯ − y¯∂x¯ ,
D = −(z − 1) [zt¯∂t¯ + x¯∂x¯ + y¯∂y¯ + r¯∂r¯] . (38)
Hence switching, on the boundary, from M = cst to
M = (x2 + y2)/2t corresponds in the bulk to a diffeo-
morphism. In [11] we show that this diffeomorphism can
be turned into a Penrose–Brown–Henneaux transforma-
tion by adding terms that are subleading in r to (36) so
that a bulk Lifshitz space-time contains two versions of
the Lifshitz algebra corresponding to a flat NC bound-
ary with different realizations of M that are related by a
local symmetry of the holographic model.
A bulk Lifshitz space-time has the same properties as
flat NC space-time. Since it is possible to construct the-
ories on flat NC space-time that have more symmetries
than there are conformal Killing vectors it should be pos-
sible to choose matter fields on a Lifshitz space-time that
possess global Schro¨dinger symmetries. In [11] we show
that this is indeed the case.
Discussion. This work together with [8, 9] shows that
Lifshitz holography is not an implementation of a holo-
graphic duality between a gravitational theory on asymp-
totically locally Lifshitz space-times and Lifshitz invari-
ant field theories. The dual field theory can have more,
in particular global Schro¨dinger invariance. In fact in
[6, 7] a holographic Lifshitz model has been obtained by
a reduction from an asymptotically AdS space-time on a
circle that becomes null on the AdS boundary. We are
thus reducing a CFT on a null circle which is expected
to lead to Schro¨dinger and not just Lifshitz symmetries.
This is a serious shift in perspective that is expected
to have important consequences for applying holography
to strongly coupled systems with non-relativistic sym-
metries [15–18]. In some sense we must rethink what we
use Lifshitz space-times for. It would be interesting to
extend this discussion to black holes and apply the ideas
of fluid/gravity to study fluids on a TNC background.
Further we expect these results to point the way towards
a holographic description of the effective field theory for
the quantum Hall effect.
Note added: While this letter was being finalized,
the preprint [19] appeared on the arXiv, which appears
to have some overlap with our results regarding coupling
to TNC backgrounds.
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